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1
21. Introduction
Let X be a simply connected homogeneous harmonic Riemannian
space. Then according to [5], Corollary 1.2, X is isometric (up to
scaling of the metric) to one of the following spaces:
(i) Rn.
(ii) Sn, P k(C), P l(H), or P 2(O), i.e., a compact rankone symmet-
ric space.
(iii) Hn(R), Hk(C), H l(H), or H2(O), i.e., a noncompact rankone
symmetric space.
(iv) a solvable Lie group S = A⋉N where N is of Heisenberg-type
and A ≃ R+ acts on N by anisotropic dilations preserving the
grading.
We denote by L the Laplace-Beltrami operator on X . In case (i),
L-eigenfunctions on Rn extend to holomorphic functions on Cn. Like-
wise, in case (ii), L-eigenfunction on X = U/K admit holomorphic
continuation to the whole affine complexification XC = UC/KC of X .
This is no longer true in case (iii). However in this case, and more
generally for a noncompact Riemannian symmetric space of any rank
X = G/K, there exists a G-invariant domain Cr(X) of XC = GC/KC
containing X , the complex crown, with the following property ([12],
[9]):
every L-eigenfunction on X admits a holomorphic extension to Cr(X),
and this domain is maximal for this property.
The objective of this paper is to obtain analogous theory for the
spaces in (iv) above.
We note that all spaces in (iii), except for Hn(R), fall into class (iv)
by identifying the symmetric space X = G/K with the NA-part in the
Iwasawa decomposition G = NAK of a noncompact simple Lie group
G of real rank one, and by suitably scaling the metric.
Our investigations start with a new model of the crown domain for
the rankone symmetric spaces X . We describe Cr(X) in terms of the
Iwasawa coordinates A and N only; henceforth we refer to this new
model as the mixed model of the crown. In Section 2 we provide the
mixed model for the two basic cases, i.e. the symmetric spaces associ-
ated with the groups G = Sl(2,R) and G = SU(2, 1).
Starting from the two basic cases, reduction of symmetry allows to
obtain a mixed model for all rank one symmetric spaces and motivates
a definition of Cr(S) for the remaining spaces in (iv). This is worked
out in Section 3.
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Finally, in section 4 we use recent results from [9] to prove holomor-
phic extension of L-eigenfunctions on S to the crown domain Cr(S)
and establish maximality of Cr(S) with respect to this property.
2. Mixed model for the crown domain
The crown domain can be realized inside the complexification of an
Iwasawa AN -group. Goal of this section is to make this explicit for the
rank one groups Sl(2,R) and SU(2, 1).
2.1. Notation for rank one spaces
Let G be a connected semi-simple Lie group of real rank one. We
assume that G ⊂ GC where GC is the universal complexification of G.
We fix an Iwasawa decomposition G = NAK and form the Riemannian
symmetric space
X = G/K .
With KC < GC the universal complexification of K we arrive at a
totally real embedding
X →֒ XC := GC/KC, gK 7→ gKC .
Let x0 = K ∈ X be a base-point.
Let g, k, a and n be the Lie algebras of G,K,A and N . Let Σ+ =
Σ(a, n) be the set of positive roots and put
Ω := {Y ∈ a | ∀α ∈ Σ+ |α(Y )| < π/2} .
Note that Ω is a symmetric interval in a ≃ R. The crown domain of X
is defined as
(2.1) Cr(X) := G exp(iΩ) · x0 ⊂ XC .
Let us point out that Ω is invariant under the Weyl group W =
NK(A)/ZK(A) ≃ Z2 and that exp(iΩ) consists of elliptic elements in
GC. We will refer to (2.1) as the elliptic model of Cr(X) (see [12] for
the basic structure theory in these coordinates).
Let us define a domain Λ in n by
Λ := {Y ∈ n | exp(iY ) · x0 ⊂ Cr(X)}0
where {·}0 refers to the connected component of {·} which contains 0.
The set Λ is explicitly determined in [8], Th. 8.11. Further by [8],
Th. 8.3:
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(2.2) Cr(X) = G exp(iΛ) · x0 .
We refer to (2.2) as the unipotent model of Cr(X).
Finally let us mention the fact that Cr(X) ⊂ NCAC ·x0 which brings
us to the question whether Cr(X) can be expressed in terms of A,N , Ω
and Λ. This is indeed the case and will be considered in the following
two subsections for the groups Sl(2,R) and SU(2, 1).
2.2. Mixed model for the upper half plane
Let
G = Sl(2,R) and GC = Sl(2,C) .
Our choices of A,N and K are as follows:
A =
{
at =
(
t 0
0 1/t
)
| t > 0
}
,
AC =
{
az =
(
z 0
0 1/z
)
| z ∈ C∗
}
,
K = SO(2,R) and KC = SO(2,C) ,
and
N =
{
nx =
(
1 x
0 1
)
| x ∈ R
}
,
NC =
{
nz =
(
1 z
0 1
)
| z ∈ C
}
.
We will identify X = G/K with the upper halfplane H = {z ∈ C |
Im z > 0} via the map
(2.3) X → H, gK 7→ ai+ b
ci+ d
(
g =
(
a b
c d
))
.
Note that x0 = i within our identification.
We view X = H inside of the complex projective space P1(C) =
C ∪ {∞} and note that P1(C) is homogeneous for GC with respect to
the usual fractional linear action:
g(z) =
az + b
cz + d
(
z ∈ P1(C), g =
(
a b
c d
)
∈ GC
)
.
We use a more concrete model for XC = GC/KC, namely
XC → P1(C)× P1(C)\diag, gKC 7→ (g(i), g(−i))
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which is a GC-equivariant diffeomorphism. With this identification of
XC the embedding of (2.3) becomes
(2.4) X →֒ XC, z 7→ (z, z) .
We will denote by X the lower half plane and note that the crown
domain for Sl(2,R) is given by:
Cr(X) = X ×X .
We note that
Ω =
{(
x 0
0 −x
)
| x ∈ (−π/4, π/4)
}
,
and
Λ =
{(
0 x
0 0
)
| x ∈ (−1, 1)
}
.
With that we come to the mixed model for the crown which combines
both parameterizations in an unexpected way.
We let F := {±1} be the center of G and note that
NCAC · x0 = C× C\ diag
and
NCAC · x0 ≃ NCAC/F .
Proposition 2.1. Let G = Sl(2,R). Then the map
NA× Ω× Λ→ Cr(X), (na,H, Y ) 7→ na exp(iH) exp(iY ) · x0
is an AN-equivariant diffeomorphism.
Proof. By the facts listed above we only have to show that the map is
defined and onto. For that we first note:
exp(iΛ) · x0 = {((1 + t)i,−(1− t)i) | t ∈ (−1, 1)}
and thus
A exp(iΛ) = iR+ ×−iR+ .
Consequently
A exp(iΩ) exp(iΛ) · x0 = {(z, w) ∈ Cr(X) | arg(w) = π + arg(z)}
and finally
NA exp(iΩ) exp(iΛ) · x0 = Cr(X)
as asserted. 
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2.3. Mixed model for SU(2, 1)
Let G = SU(2, 1). We let G act on P2(C) = (C3 \ {0}/ ∼) by
projectivized linear transformations. We embed C2 into P2(C) via z 7→
[z, 1]. Then G preserves the ball
X = {z ∈ C2 | ‖z‖2 < 1} ≃ G/K
with the maximal compact subgroup K = S(U(2) × U(1)) stabilizing
the origin x0 = 0 ∈ X . Note that an element
g =
(
A u
vt α
)
∈ G
with u, v ∈ C2 acts on z ∈ X by
g(z) =
Az + u
vt · z + α .
Now, as X is Hermitian, the crown is given by the double
Cr(X) = X ×X
but with X embedded in Cr(X) as z 7→ (z, z). We choose
A =

at :=

cosh t 0 sinh t0 1 0
sinh t 0 cosh t

 | t ∈ R

 .
Set Yt := log at and note that
Ω = {Yt | −π/4 < t < π/4} .
According to [8], Th. 8.11 we have
Λ =
{
Za,b :=

 ib a −ib−a 0 a
ib a −ib

 | a ∈ C, b ∈ R;
|a|2 + |b| < 1/2} .
We define now a subset D ⊂ a× n by
D := {(Yt, Za,b) ∈ a×n | (1−2|a|2−2|b|) cos(2t) > (1− cos(2t))|a|2}0 .
If πa : a × n → a denotes the first coordinate projection and πn resp.
the second, then note the following immediate facts:
• D ⊂ Ω× Λ,
• πa(D) = Ω,
• πn(D) = Λ.
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Proposition 2.2. Let G = SU(2, 1). Then the map
Φ : NA×D → Cr(X), (na, (Y, Z)) 7→ na exp(iY ) exp(iZ) · x0
is a diffeomorphism.
Proof. All what we have to show is that the map is defined and onto.
To begin with we show that Φ is defined, i.e. ImΦ ⊂ Cr(X). Set
na,b := exp(iZa,b). Let M = ZK(A). By M-invariance it is no loss of
generality to assume that a is real. Then
na,b =

1− b+ a
2/2 ia b− a2/2
−ia 1 ia
−b+ a2/2 ia 1 + b− a2/2

 .
We have to show that:
aiφna,b(0) ∈ X and aiφna,b(0) ∈ X
for all |φ| < π/4 and |a|2 + |b| < 1/2.
Now
na,b(0) =
1
1 + b− a2/2(b− a
2/2, ia) .
Note that na,b(0) ∈ X if and only if
(b− a2/2)2 + a2 < (1 + b− a2/2)2
or
−2b+ 2a2 < 1
which is the defining condition of Λ.
Applying aiφ we obtain that
aiφna,b(0) =
(
cos φ b−a
2/2
1+b−a2/2
+ i sin φ, ia
1+b−a2/2
)
cosφ+ i sinφ b−a
2/2
1+b−a2/2
.
Hence aiφna,b(0) ∈ X if and only if
cos2 φ+ sin2 φ
(b− a2/2)2
(1 + b− a2/2)2 > cos
2 φ
(b− a2/2)2
(1 + b− a2/2)2+
+ sin2 φ+
a2
(1 + b− a2/2)2
or, equivalently, after clearing denominators:
(1 + b− a2/2)2 cos2 φ+ (b− a2/2)2 sin2 φ > (b− a2/2)2 cos2 φ+
+ (1 + b− a2/2)2 sin2 φ+ a2 .
8 ROBERTO CAMPORESI AND BERNHARD KRO¨TZ
Simplifying further we arrive at:
cos2 φ+ 2(b− a2/2) cos2 φ > sin2 φ+ 2(b− a2/2) sin2 φ+ a2
and equivalently:
(2.5) (1− 2b− 2a2) cos(2φ) > (1− cos 2φ)a2 .
But this is the defining condition for D.
To see that the map is onto we observe that Cr(X) ⊂ NCAC · x0.
Hence there exist a domain D′ ⊂ a+ n such that
Cr(X) = NA · {exp(iY ) exp(iX) | (Y,X) ∈ D′} .
If D′ is strictly larger then D, then D′ contains a boundary point of D.
As
∂D = ∂Ω× Λ∐ Ω× ∂Λ∐ ∂Ω × ∂Λ,
we arrive at a contradiction with (2.5). 
3. The crown for homogeneous harmonic spaces
Let S be a simply connected noncompact homogeneous harmonic
space. According to [5], Corollary 1.2, there are the following possibil-
ities for S:
(i) S = Rn.
(ii) S is the AN -part of a noncompact simple Lie group G of real
rank one.
(iii) S = A⋉N with N a nilpotent group of Heisenberg-type and
A ≃ R acting on N by graduation preserving scalings.
The case of S = Rn we will not consider; groups under (i) are referred
to as symmetric solvable harmonic groups. We mention that all spaces
in (ii), except for those associated to G = SOo(1, n), are of the type in
(iii). Most issues of the Lorentz groups G = SOo(1, n) readily reduce to
SOo(1, 2) ≃ PSl(2,R) where comprehensive treatments are available.
In fact for the real hyperbolic spaces X = Hn(R) = SOo(1, n)/SO(n)
we obtain the following result, analogous to Proposition 2.1.
Proposition 3.1. Let G = SOo(1, n) (n ≥ 2). Then the map
NA× Ω× Λ→ Cr(X), (na,H, Y ) 7→ na exp(iH) exp(iY ) · x0
is a diffeomorphism.
We will now focus on type (iii). In the sequel we recall some basic
facts about H-type groups and their solvable harmonic extensions. We
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refer to [13] for a more comprehensive treatment and references. After
that we introduce the crown domain for such harmonic extensions.
3.1. H-type Lie algebras and groups
Let n be a real nilpotent Lie algebra of step two (that is, [n, n] 6=
{0} and [n, [n, n]] = {0}), equipped with an inner product 〈·, ·〉 and
associated norm | · |. Let z be the center of n and v its orthogonal
complement in n. Then
n = v⊕ z, [v, z] = 0, [n, n] = [v, v] ⊂ z.
For Z ∈ z let JZ : v→ v be the linear map defined by
〈JZV, V ′〉 = 〈Z, [V, V ′]〉, ∀V, V ′ ∈ v.
Then n is called a Heisenberg type algebra (or H-type algebra, for short)
if
(3.1) J2Z = −|Z|2 idv (Z ∈ z).
A connected and simply connected Lie group N is called an H-type
group if its Lie algebra n = Lie(N) is an H-type algebra, see [7].
We let p = dim v, q = dim z(≥ 1). Condition (3.1) implies that p is
even and [v, v] = z.
Moreover, (3.1) implies that the map Z → JZ extends to a repre-
sentation of the real Clifford algebra Cl(z) ∼= Clq on v. This procedure
can be reversed and yields a general method for constructing H-type
algebras.
Since n is nilpotent, the exponential map exp : n 7→ N is a diffeomor-
phism. The Campbell-Hausdorff formula implies the following product
law in N :
expX · expX ′ = exp (X +X ′ + 1
2
[X,X ′]
)
, ∀X,X ′ ∈ n.
This is sometimes written as
(V, Z) · (V ′, Z ′) = (V + V ′, Z + Z ′ + 1
2
[V, V ′]
)
,
using the exponential chart to parametrize the elements n = exp(V +Z)
by the couples (V, Z) ∈ v⊕ z = n.
3.1.1. Reduction theory. We conclude this section with reduction the-
ory for H-type Lie algebras to Heisenberg algebras.
Let z1 = RZ1 be a one-dimensional subspace of z and z
⊥
1 its orthog-
onal complement in z. We assume that |Z1| = 1 and set J1 := JZ1. We
form the quotient algebra
n1 := n/z
⊥
1
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and record that n1 is two-step nilpotent. Let p1 : z → z1 be the
orthogonal projection. If we identify n1 with the vector space v ⊕ z1
via the linear map
n1 → v⊕ z1, (V, Z) + z⊥1 7→ (V, p1(Z)) ,
then the bracket in n1 becomes in the new coordinates
[(V, cZ1), (V
′, c′Z1)] = (0, 〈Z1, [V, V ′]〉Z1)
where c, c′ ∈ R and V, V ′ ∈ v. Since 〈Z1, [V, V ′]〉 = 〈J1V, V ′〉 we see
that J1 determines a Lie algebra automorphism of n1 and thus n1 is
isomorphic to the p+ 1-dimensional Heisenberg algebra.
3.2. Harmonic solvable extensions of H-type groups
Let n be an H-type algebra with associated H-type group N . Let a be
a one-dimensional Lie algebra with an inner product. Write a = RH ,
where H is a unit vector in a. Let A = exp a be a one-dimensional
Lie group with Lie algebra a and isomorphic to R+ (the multiplicative
group of positive real numbers). Let the elements at = exp(tH) ∈ A
act on N by the dilations (V, Z)→ (et/2V, etZ) for t ∈ R, and let S be
the associated semidirect product of N and A:
S = NA = N ⋊ A.
The action of A on N becomes the inner automorphism
(3.2) at exp(V + Z)a
−1
t = exp
(
et/2V + etZ
)
,
and the product in S is given by
exp(V + Z)at exp(V
′ + Z ′)at′ = exp(V + Z) exp(e
t/2V ′ + etZ ′)at+t′ .
S is a connected and simply connected Lie group with Lie algebra
s = n⊕ a = v⊕ z⊕ a
and Lie bracket defined by linearity and the requirement that
(3.3) [H, V ] =
1
2
V, [H,Z] = Z, ∀V ∈ v, ∀Z ∈ z.
The map (V, Z, tH)→ exp(V +Z) exp(tH) is a diffeomorphism of s
onto S. If we parametrize the elements na = exp(V +Z) exp(tH) ∈ NA
by the triples (V, Z, t) ∈ v× z× R, then the product law reads
(V, Z, t) · (V ′, Z ′, t′) = (V + et/2V ′, Z + etZ ′ + 1
2
et/2[V, V ′], t+ t′
)
,
for all V, V ′ ∈ v, Z,Z ′ ∈ z, t, t′ ∈ R. For n = (V, Z, 0) ∈ N and
at = (0, 0, t) ∈ A we consistently get nat = (V, Z, t).
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We extend the inner products on n and a to an inner product 〈·, ·〉
on s by linearity and the requirement that n be orthogonal to a. The
left-invariant Riemannian metric on S defined by this inner product
turns S into a harmonic solvable group [4].
3.3. The complexification and the crown
Let NC be the simply connected Lie group with Lie algebra nC and
set AC = C
∗. Then AC acts on NC by t · (V, Z) := (tV, t2V ) for t ∈ C∗
and (V, Z) ∈ NC.
We define a complexification SC of S by
SC = NC ⋊AC .
For z ∈ C we often set az := exp(zH) and note that az corresponds to
ez/2 ∈ C∗. In particular
(3.4) {z ∈ C : exp(zH) = e} ⊂ 4πiZ.
It follows that the exponential map exp : aC → AC is certainly injective
if restricted to a⊕ iH(−2π, 2π].
Motivated by our discussion of SU(2, 1) and the discussed SU(n, 1)-
reduction, we define the following sets for a more general harmonic
AN -group.
(3.5) Ω = {tH ∈ a : |t| < pi
2
},
(3.6) Λ = {(V, Z) ∈ n : 1
2
|V |2 + |Z| < 1},
(3.7)
D = {(V, Z, t) ∈ s : cos t(1− 1
2
|V |2 − |Z|) > 1
4
(1− cos t)|V |2}
0
,
(3.8) D = {exp(itH) exp(iV + iZ) : (V, Z, t) ∈ D} ⊂ SC.
Here as usual {·}0 denotes the connected component of {·} containing
0, and we write (V, Z, t) for the element V + Z + tH of s.
The following result is immediate from the definition of D.
Lemma 3.2. Let πn (resp. πa) denote the projection onto the first
(resp. second) factor in s = n× a. Then
• D ⊂ Λ× Ω,
• πn(D) = Λ,
• πa(D) = Ω.
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The set D is the interior of the closed hypersurface in s defined by
the equation
(3.9) cos t(1− 1
2
|V |2 − |Z|) = 1
4
(1− cos t)|V |2 (−pi
2
≤ t ≤ pi
2
).
This can be rewritten as cos t(1− |V |2/4− |Z|) = |V |2/4, or also as
1− tan2 t
2
= |V |
2
2(1−|Z|)
,
i.e.,
|t| = 2 arctan
√
1− |V |2
2(1−|Z|)
.
A picture of this hypersurface in R3 = {(V, Z, t)} for the case z ≃ R,
v ≃ R2 (with one coordinate suppressed), i.e., for SU(2, 1), is given
below. Here |t| ≤ π/2, |Z| ≤ 1, and |V | ≤ √2
A plot of the surface (3.9) in R3 = {(V, Z, t)}.
-1
0
1
-1.0
-0.5
0.0
0.5
1.0
-1
0
1
Definition 3.3. The complex crown of S will be defined as the following
subset of SC:
(3.10) Cr(S) = NAD ⊂ NA exp(iΩ) exp(iΛ) ⊂ SC.
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It is easy to see that Cr(S) is open and simply connected in SC.
We conclude with the proof of the mixed model of the crown for rank
one symmetric spaces.
Theorem 3.4. Let X = G/K be a non-compact Riemannian symmet-
ric space of rank one, X 6= Hn(R). Then, with S = NA,
Cr(X) = Cr(S).
Proof. We first show that Cr(S) ⊂ Cr(X). We have to show that
exp(itH) exp(iY )·x0 ⊂ Cr(X) for all (Y, t) ∈ D. We applyM = ZK(A)
and the assertion is reduced to G = SU(2, 1), where it was shown in
Proposition 2.2 above.
In order to conclude the proof of the theorem, it is enough to show
that the elements which are in the boundary of D do not lie in Cr(X),
i.e.,
{exp(itH) exp(iV + iZ) : (V, Z, t) ∈ ∂D} ∩ Cr(X) = ∅.
This again reduces to G = SU(2, 1), and is easily verified. 
4. Geometric Analysis
In this section we will show that eigenfunctions of the Laplace-
Beltrami-Operator on S extend holomorphically to Cr(S) and that
Cr(S) is maximal with respect to this property.
4.1. Holomorphic extension of eigenfunctions
For z ∈ D we consider the following totally real embedding of S into
Cr(S) given by
S →֒ Cr(S), s 7→ sz .
Now Let L be the Laplace-Beltrami operator on S, explicitly given by,
see [13]
L :=
p∑
j=1
V 2j +
q∑
i=1
Z2i +H
2 − 2ρH
where the (Vj)j and (Zi)i form an orthonormal basis of v and z re-
spectively. Here we consider elements X ∈ s as left-invariant vector
fields on S. Hence it is clear that L extends to a left SC-invariant
holomorphic differential operator on SC which we denote by LC. Now
if M ⊂ SC is a totally real analytic submanifold, then we can restrict
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LC to M , in symbols LM , in the following way: if f is a real analytic
function nearm ∈M and fC a holomorphic extension of f in a complex
neighborhood of m in SC, then set:
(LMf)(m) := (LCfC)(m) .
Then:
Proposition 4.1. For all z ∈ D the restriction LSz is elliptic.
Proof. To illustrate what is going on we first give a proof for those
S related to G = Sl(2,R). Here we have D := exp(iΩ) exp(iΛ) and
L = V 2+H2− 1
2
H . Let z = exp(itH) exp(ixV ) ∈ D. Using [H, V ] = V
we get
Ad(z)H = H − ieitxV
Ad(z)V = eitV .
It follows that the leading symbol, or principal part, of LSz is given by:
[LSz]prin = (H − ieitxV )2 + e2itV 2 .
Let us verify that LSz elliptic. The associated quadratic form is given
by the matrix
L(z) :=
(
1 −ixeit
−ixeit e2it(1− x2)
)
.
We have to show that 〈L(z)ξ, ξ〉 = 0 has no solution for ξ = (ξ1, ξ2) ∈
R2\{0}. We look at
ξ21 − 2ixeitξ1ξ2 + e2it(1− x2)ξ22 = 0 .
Now ξ2 = 0 is readily excluded and we remain with the quadric
ξ2 − 2ixeitξ + e2it(1− x2) = 0
whose solutions are
λ1,2 = ixe
it ±
√
−x2e2it − (1− x2)e2it
= ieit(x± 1).
These are never real in the domain −pi
2
< t < pi
2
and −1 < x < 1. The
same proof works for those S related to SOo(1, n) , n ≥ 2.
To put the computation above in a more abstract framework: it is
to show here that for z ∈ D the operator L(z) : sC → sC defined by
(4.1) L(z) := Ad(z)tAd(z)
HOMOGENEOUS HARMONIC SPACES 15
is elliptic in the sense that 〈L(z)ξ, ξ〉 = 0 for ξ ∈ s implies ξ = 0.
So for the sequel we assume that n is H-type, i.e. z 6= {0}. We will
reduce to the case where N is a Heisenberg group, i.e. S is related
to SU(1, n). We use the already introduced technique of reduction
to Heisenberg groups. So let Z1 ∈ z be a normalized element and
n1 = n/z
⊥
1 as before. We let S1 be the harmonic group associated to
N1 and note that there is a natural group homomorphism S → S1
which extends to a holomorphic map SC → (S1)C which maps Cr(S)
onto Cr(S1). Now the assertion is true for Cr(S1) in view of [9] (proof
of Th. 3.2) and Theorem 3.4. Since (4.1) is true for S if it is true for
all choices of S1, the assertion follows. 
As a consequence of this fact, we obtain as in [9] that:
Theorem 4.2. Every L-eigenfunction on S extends to a holomorphic
function on Cr(S).
Proof. (analogous to the proof of Th. 3.2 of [9]). Let f be an L-
eigenfunction on S. As L is elliptic, the regularity theorem for elliptic
differential operators implies that f is an analytic function. Hence f
extends to some holomorphic function in a neighborhood of S in SC.
As L is S-invariant, we may assume that this neighborhood is S
invariant. Let 0 ≤ t ≤ 1 and define Dt := tD and correspondingly Dt.
We have shown that f extends holomorphically to a domain SDt ⊂ SC
for some 0 < t ≤ 1.
If t = 1, we are finished. Otherwise we find a (Y, r) ∈ ∂Dt such that f
does not extend beyond z = s exp(irH) exp(iY ) for some s ∈ S. By S-
invariance we may assume that s = 1. Set z := exp(irH) exp(iY ). By
our previous Proposition LSz is elliptic. Now it comes down to choose
appropriate local coordinates to see that f extends holomorphically on
a complex cone based at z. One has to verify condition (9.4.16) in [6],
Cor. 9.4.9 so that [6], Cor. 9.4.9, applies and one concludes that f
is holomorphic near z – see [9], p. 837-838, for the details. This is a
contradiction and the theorem follows. 
4.2. Maximality of Cr(S)
We begin with a collection of some facts about Poisson kernels on
S. Let us denote by s : S → S the geodesic symmetry, centered at the
identity. Every z ∈ SC can be uniquely written as z = n(z)a(z) with
n ∈ NC and a ∈ AC. As Cr(S) is simply connected, we obtain for every
λ ∈ a∗
C
a holomorphic map
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aλ : Cr(S)→ C, z 7→ eλ log a(z) .
The function Pλ := a
λ ◦ s on S is referred to as Poisson kernel on S
with parameter λ. We note that both aλ and Pλ are L-eigenfunctions
[3, 1]. We shall say in the sequel that λ ∈ a∗
C
, resp. Pλ, is positive if
Reλ is a positive multiple of the element β ∈ a∗
C
defined by β(H) = 1.
Theorem 4.3. Let λ ∈ a∗
C
be positive. Then Cr(S) is the largest
S-invariant domain in SC containing S to which Pλ extends holomor-
phically.
Proof. First the theorem is true for symmetric S. To be more precise,
given z ∈ ∂ Cr(S), then it was shown in [10], Th. 5.1 (and corrigendum
in [8], Remark 4.8) that there exists an s ∈ S such that the basic
spherical function φ0 on S ≃ X does not extend beyond sz. In view of
the integral formulas for holomorphically extended spherical functions
(see [11], Th. 4.2) it follows that Cr(S) is the maximal S-invariant
domain in Cr(S) to which any positive Pλ extends holomorphically.
We apply SU(2, 1)-reduction (see [2], section 2) and the fact that
Poisson-kernels “restrict”, i.e. if z ∈ Cr(S), then we can put z ∈
Cr(S1) with Cr(S1) an SU(2, 1)-crown contained in Cr(S) such that
the restriction of the Poisson kernel Pλ := Pλ|S1 is a positive Poisson
kernel on S1. This is clear from the explicit formula for Pλ (see [1],
formula (2.35)). Thus the situation is reduced to the symmetric case
and the theorem proved. 
Corollary 4.4. Cr(S) is the largest S-invariant domain in SC which
contains S with the property that every L-eigenfunction on S extends
to a holomorphic function on Cr(S).
Corollary 4.5. The geodesic symmetry extends to a holomorphic in-
volutive map s : Cr(S)→ Cr(S).
References
[1] J.-P. Anker, E. Damek, and C. Yacoub, Spherical analysis on harmonic AN
groups, Ann. Scuola Norm. Sup. Pisa 23 (1996) 643-679.
[2] M.G. Cowling, A.H. Dooley, A. Koranyi, and F. Ricci, H-type groups and
Iwasawa decomposition, Adv. Math. 87 (1991) 1-41.
[3] E. Damek, A Poisson kernel on Heisenberg type nilpotent groups, Colloq. Math.
53 (1987) 239-247.
[4] E. Damek and F. Ricci, A class of nonsymmetric harmonic Riemannian spaces,
Bull. Amer. Math. Soc. 27 (1992) 139-142.
[5] J. Heber, On harmonic and asymptotically harmonic spaces, GAFA 16 (2006)
869 – 890.
HOMOGENEOUS HARMONIC SPACES 17
[6] Ho¨rmander, L. , The Analysis of Linear Partial Differential Operators I,
Springer Grundlehren 256, 1983
[7] A. Kaplan, Fundamental solutions for a class of hypoelliptic PDE generated by
composition of quadratic forms, Trans. Amer. Math. Soc. 258 (1980) 147-153.
[8] B. Kro¨tz and E. M. Opdam, Analysis on the crown domain, GAFA, Geom.
funct. anal. 18 (2008) 1326-1421.
[9] B. Kro¨tz and H. Schlichtkrull, Holomorphic extension of eigenfunctions, Math.
Annalen 345 (2009), 835-841.
[10] B. Kro¨tz, G. O´lafsson and R.J. Stanton, The Image of the Heat Kernel Trans-
form on Riemannian Symmetric Spaces of of the Noncompact Type, IMRN
2005, no. 22, 1307-1329.
[11] B. Kro¨tz and R.J. Stanton, Holomorphic extensions of representations: (I)
automorphic functions, Ann. Math. 159 (2004), 641–724.
[12] , Holomorphic extensions of representations: (II) Geometry and Har-
monic Analysis, GAFA, Geom. funct. anal. 15 (2005), 190-245.
[13] F. Rouviere, Espaces de Damek-Ricci, geometrie et analyse, Semin. Congr. 7,
Soc. Math. France (2003) 45-100.
Dipartimento di Matematica, Politecnico di Torino, Corso Duca
degli Abruzzi 24, 10129 Torino, e-mail: camporesi@polito.it
Leibniz Universita¨t Hannover, Institut fu¨r Analysis, Welfengarten
1, D-30167 Hannover, email: kroetz@math.uni-hannover.de
